The existence and localization result is obtained for a multivalued Dirichlet problem in a Banach space. The upper-Carathéodory and Marchaud right-hand sides are treated separately because in the latter case, the transversality conditions derived by means of bounding functions can be strictly localized on the boundaries of bound sets.
Introduction
The Dirichlet problem and its special case with homogeneous boundary conditions, usually called the Picard problem, belong to the most frequently studied boundary value problems. A lot of results concerning the standard problem for scalar second-order ordinary differential equations were generalized in various directions.
In Euclidean spaces, besides many extensions to vector equations, vector inclusions were under consideration, e.g., in [-]. In abstract spaces, usually in Banach and Hilbert spaces, equations, e.g., in [-] and inclusions, e.g., in [, , ] were treated.
Sadovskii's or Darbo's fixed point theorems, jointly with the usage of a measure of noncompactness, were applied in [, , , ]. Kakutani's or Ky Fan's fixed point theorems were applied with the upper and lower solutions technique in [] and with a measure of noncompactness in [] . On the other hand, continuation principles were employed in [, , ].
The main aim of our present paper is an extension of the finite-dimensional results in [, ] into infinite-dimensional ones. We were also stimulated by the work of Jean Mawhin in [] , where degree arguments were applied to the Dirichlet problem in a Hilbert space probably for the first time, and in [] , where a bound sets approach was systematically developed. Hence, besides these two approaches, our extension consists in the consideration of differential inclusions in rather general Banach spaces and the usage of a measure of noncompactness. Similar results were already obtained in an analogous way by ourselves for Floquet problems in [-] .
Besides the existence, the localization of solutions will be obtained in our main theorems (see Theorem . and Theorem .). Unlike in [] , where the solutions belong to a positively invariant set, in our paper, some trajectories can escape from the prescribed set of candidate solutions. Moreover, the associated bound set need not be compact as in http://www.boundaryvalueproblems.com/content/2013/1/25 [] . Similarly, the main difference between our results and those in [, ] consists in the application of a continuation principle jointly with a bound sets approach, which allows us to check fixed point free boundaries of given bound sets. This, in particular, means that, unlike in [, ], some trajectories can again escape from the prescribed set of candidate solutions in a transversal way.
Let E be a Banach space (with the norm · ) satisfying the Radon-Nikodym property (e.g., reflexivity) and let us consider the Dirichlet boundary value problem (b.v.p.)
x(t) ∈ F(t, x(t),ẋ(t)) for a.a. t ∈ [, T], x() = x(T) = , () where F : [, T] × E × E
E is an upper-Carathéodory mapping or a globally upper semicontinuous mapping with compact, convex values (for the related definitions, see Section ).
The main purpose of the present paper is to prove the existence of a Carathéodory solution x ∈ AC  ([, T], E) to problem () in a given set Q. This will be achieved by means of a suitable continuation principle. The crucial condition of the continuation principle described in Section  consists in guaranteeing the fixed point free boundary of Q w.r.t. an admissible homotopical bridge starting from () (see condition (v) in Proposition . below). This requirement will be verified by means of Lyapunov-like bounding functions, i.e., via a bound sets technique. That is also why the whole Section  is devoted to this technique applied to Dirichlet problem (). We will distinguish two cases, namely when F is an upper-Carathéodory mapping and when F is globally upper semicontinuous (i.e., a Marchaud mapping). Unlike in the first case, the second one allows us to apply bounding functions which can be strictly localized at the boundaries of given bound sets.
Preliminaries
Let E be a Banach space having the Radon-Nikodym property (see, e.g., [, pp.-]), i.e., if for every finite measure space (M, , μ) and every vector measure m : → E of bounded variation, which is absolutely continuous w.r.t. μ, we can find a Bochner integrable function f : M → E such that 
([, T], E).
Given C ⊂ E and ε > , the symbol B(C, ε) will denote, as usually, the set C + εB, where B is the open unit ball in E, i.e., B = {x ∈ E | x < }.
We will also need the following definitions and notions from multivalued analysis. Let X, Y be two metric spaces. We say that F is a multivalued mapping from X to Y (written http://www.boundaryvalueproblems.com/content/2013/1/25 F : X Y ) if for every x ∈ X, a nonempty subset F(x) of Y is given. We associate with F its graph F , the subset of X × Y , defined by 
For more details concerning multivalued analysis, see, e.g., [, , , ]. In the sequel, the measure of noncompactness will also be employed.
Definition . Let N be a partially ordered set, E be a Banach space and let P(E) denote the family of all nonempty subsets of E. A function β : P(E) → N is called a measure of noncompactness (m.n.c.) in E if β(co ) = β( ) for all ∈ P(E), where co denotes the closed convex hull of . An m.n.c. β is called: 
Definition . An m.n.c. β with values in a cone of a Banach space has the semihomogeneity property if β(t ) = |t|β( ) for all t ∈ R and all ⊂ E.
It is obvious that an m.n.c. which is invariant with respect to the union with compact sets is also nonsingular.
The typical example of an m.n.c. is the Hausdorff measure of noncompactness γ defined, for all ⊂ E, by
The Hausdorff measure of noncompactness is monotone, nonsingular, algebraically semiadditive and has the semi-homogeneity property.
Let
Moreover, for all subsets of E (see, e.g.,
Let us now introduce the function The following convergence result will be also employed.
Lemma . (cf. [, Lemma III..]) Let E be a Banach space and assume that the sequence of absolutely continuous functions x k : [, T] → E satisfies the following conditions:
(i) the set {x k (t)|k ∈ N} is relatively compact for every 
The following lemma is well known when the Banach spaces E  and E  coincide (see, e.g., [, p.]). The present slight modification for E  = E  was proved in [] .
multivalued mapping satisfying the following conditions: (i) F(·, x) has a strongly measurable selection for every
x ∈ E  , (ii) F(t, ·) is u.s.c
. for a.a. t ∈ [, T], (iii) the set F(t, x) is compact and convex for all
(t, x) ∈ [, T] × E  .
Assume in addition that for every nonempty, bounded set
⊂ E  , there exists ν = ν( ) ∈ L  ([, T], (, ∞)) such that F(t, x) ≤ ν(t) for a.
a. t ∈ [, T] and every x ∈ . Let us define the Nemytskiǐ operator N F
: C([, T], E  ) L  ([, T], E  ) in the following way: N F (x) := {f ∈ L  ([, T], E  ) | f (t) ∈ F(t, x(t)), a.e. on [, T]} for every x ∈ C([, T], E  ). Then, if sequences {x k } ⊂ C([, T], E  ) and {f k } ⊂ L  ([, T], E  ), f k ∈ N F (x k ), k ∈ N, are such that x k → x in C([, T], E  ) and f k → f weakly in L  ([, T], E  ), then f ∈ N F (x).
Continuation principle
The proof of the main result (cf. Theorem . below) will be based on the combination of a bound sets technique together with the following continuation principle developed in [] .
Proposition . Let us consider the general multivalued b.v.p.
where
is an upper-Carathéodory mapping and S ⊂ AC  ([, T], E)
.
E be an upper-Carathéodory mapping such that 
where q ∈ Q and λ ∈ [, ], has a nonempty, convex set of solutions (denoted by
iii) The solution mapping T is quasi-compact and μ-condensing with respect to a monotone and nonsingular m.n.c. μ defined on C  ([, T], E).
(iv) For each q ∈ Q, the set of solutions of the problem P(q, ) is a subset of Int Q, i.e.,
the solution mapping T(·, λ) has no fixed points on the boundary ∂Q of Q. Then the b.v.p. () has a solution in Q.
The proof of the continuation principle is based on the fact that the family P(q, λ) of problems depending on two parameters q ∈ Q and λ ∈ [, ] is associated to the original b.v.p. (). This family is defined in such a way that if
corresponding solution mapping, then all fixed points of the map T(·, ) are solutions of () (see condition ()).
Bound sets technique
The continuation principle formulated in Proposition . requires, in particular, the existence of a suitable set Q ⊂ AC  ([, T], E) of candidate solutions. The set Q should satisfy the transversality condition (v), i.e., it should have a fixed-point free boundary with respect to the solution mapping T. Since the direct verification of the transversality condition is usually a difficult task, we will devote this section to a bound sets technique which can be used for guaranteeing such a condition. For this purpose, we will define the set Q as
where K is nonempty and open in E and K denotes its closure.
Hence, let us consider the Dirichlet boundary value problem () and let V : E → R be a C  -function satisfying
Let E be the Banach space dual to E and let us denote by ·, · the pairing (the duality relation) between E and E , i.e., for all ∈ E and x ∈ E, we put (x) := , x . The proof of the following proposition is quite analogous to the finite-dimensional case considered in [] . Nevertheless, for the sake of completeness, we present it here, too. 
lim sup
holds for all w ∈ F(t, x, y). Then K is a bound set for the Dirichlet problem ().
Proof 
In order to get the desired contradiction, let us define the function g :
[, T] → R as the composition g(t) := (V • x)(t). According to the regularity properties of x and V
Therefore,ġ(t * ) = . Moreover, there exist points t ** ∈ (t * -δ, t * ), t *** ∈ (t * , t * + δ) such thaṫ At first, let us assume that condition () holds and let t ∈ (t ** , t * ) be such thatg(t) and
and so there exists a function a(h), a(h) →  as h → , such that for each h,
Consequently, we obtain
Moreover, for every x, w ∈ E and h ∈ R, we have that
According to the Lipschitzianity ofV , when |h| is sufficiently small, we have that Therefore,
according to assumption (), it leads to a contradiction with inequality (). Secondly, let us assume that condition () holds and let s ∈ (t * , t *** ) be such thatg(s) and
x(s) exist. Then it is possible to show, using the same procedure as before, that according to assumption (),
which leads to a contradiction with inequality (). Therefore, we get the contradiction in case that at least one of conditions (), () holds which completes the proof. 
the following condition holds:
for all w ∈ F(t, x, y). Then K is a bound set for problem ().
Proof Let x : [, T] → K be a solution of problem (). We assume, by a contradiction, that there exists t  ∈ [, T] such that x(t  ) ∈ ∂K . Since  ∈ K and x satisfies Dirichlet boundary conditions, t  ∈ (, T). Let us define the function g : [-t  , T -t  ] → (-∞, ] as the composition g(h) := (V • x)(t  + h). Then g() =  and g(h)
≤  for all h ∈ [-t  , T -t  ], i.e., there is a local maximum for g at the point , and soġ() = V x(t  ) ,ẋ(t  ) = . Consequently, v :=ẋ(t  ) satisfies condition ().
SinceV x is locally Lipschitzian, there exist a neighborhood U of x(t  ) and a constant L >  such thatV | U is Lipschitzian with a constant L.
Let {h k } ∞ k= be an arbitrary decreasing sequence of positive numbers such that
. http://www.boundaryvalueproblems.com/content/2013/1/25
Since g() =  and g(h) ≤  for all h ∈ (, h k ], there exists, for each
where b
and let ε >  be given. As a consequence of the regularity assumptions imposed on F and of the continuity of both x andẋ, there exists δ = δ(ε) >  such that for each t ∈ (, T),
Subsequently, according to the mean-value theorem (see, e.g., [, Theorem ..]), there exists k ε ∈ N such that for each k > k ε ,
Since F has compact values and ε is arbitrary, we obtain that ζ is a relatively compact set. Thus, there exist a subsequence, for the sake of simplicity denoted as the sequence, of
as k → ∞ implying, for the arbitrariness of ε > ,
As a consequence of the property (), there exists a sequence {a
()
If we consider, instead of the sequence {h k } ∞ k= , an increasing sequence {h k } ∞ k= of negative numbers such thath k →  -as k → ∞, x(t  + h) ∈ U for all h ∈ (h  , ), we are able to find,
Therefore, using the same procedure as in the first part of the proof, we obtain, for k ∈ N sufficiently large, that
Inequalities () and () are in a contradiction with condition (), because x(t  ) ∈ ∂K , x(t  ) satisfies condition () and w, w ∈ F(t  , x(t  ),ẋ(t  )). The typical case occurs when E = H is a Hilbert space, , denotes the scalar product and 
Existence and localization results
Combining the continuation principle with the bound sets technique, we are ready to state the main result of the paper concerning the solvability and localization of a solution of the multivalued Dirichlet problem ().
Theorem . Consider the Dirichlet b.v.p. (), where F : [, T] × E × E E is an upperCarathéodory multivalued mapping. Assume that K ⊂ E is an open, convex set containing . Furthermore, let the following conditions be satisfied:
) and γ is the Hausdorff measure of noncompactness in E. For all q ∈ Q and λ ∈ [, ], consider still the associated fully linearized problem
and denote by T a solution mapping which assigns to each (q, λ) ∈ Q × [, ] the set of solutions of P(q, λ). We will show that the family of the above b.v.p.s P(q, λ) satisfies all assumptions of Proposition .. In this case, ϕ(t, x,ẋ) = F(t, x,ẋ) which, together with the definition of P(q, λ), ensures the validity of ().
ad (i) In order to verify condition (i) in Proposition ., we need to show that for each (q, λ) ∈ Q × [, ], the problem P(q, λ) is solvable with a convex set of solutions. So, let (q, λ) ∈ Q × [, ] be arbitrary and let f q (·) be a strongly measurable selection of F(·, q(·),q(·)). The homogeneous problem corresponding to b.v.p. P(q, λ),
has only the trivial solution, and therefore the single-valued Dirichlet problem
admits a unique solution x q,λ (·) which is one of solutions of P(q, λ). This is given, for a.a. 
Thus, the set of solutions of P(q, λ) is nonempty. The convexity of the solution sets follows immediately from the properties of a mapping F and the fact that problems P(q, λ) are fully linearized.
ad (ii) Assuming that H :
ad (iii) Since the verification of condition (iii) in Proposition . is technically the most complicated, it will be subdivided into two parts: (iii  ) the quasi-compactness of the solution operator T, (iii  ) the condensity of T w.r.t. the monotone and nonsingular (cf. Lemma .) m.n.c. μ defined by ().
ad (iii  ) Let us firstly prove that the solution mapping T is quasi-compact. Since
is a metric space, it is sufficient to prove the sequential quasi-compactness of T. Hence, let us consider the sequences {q n }, {λ n }, q n ∈ Q, λ n ∈ [, ] for all n ∈ N such http://www.boundaryvalueproblems.com/content/2013/1/25
and that x n (T) = x n () = . Since q n → q andq n →q in C([, T], E), there exists a bounded ⊂ E × E such that (q n (t),q n (t)) ∈ for all t ∈ [, T] and n ∈ N. Therefore, there exists, according to condition
Moreover, for every n ∈ N and a.a. t ∈ [, T],
Thus, x n satisfies, for every n ∈ N and a.a. t ∈ [, T], x n (t) ≤ a and ẋ n (t) ≤ b, where
Furthermore, for every n ∈ N and a.a. t ∈ [, T], we have
Hence, the sequences {x n } and {ẋ n } are bounded and {ẍ n } is uniformly integrable. Since the sequences {q n }, {q n } are converging, we obtain, in view of ( i ),
, the sequence {G(t, s)f n (s)} is relatively compact as well since, according to the semi-homogeneity of the Hausdorff m.n.c.,
Moreover, by means of (), (), () and the semi-homogeneity of the Hausdorff m.n.c.,
By similar reasonings, we can also get γ ẋ n (t) = , by which {x n (t)}, {ẋ n (t)} are relatively compact for a.a. t ∈ [, T]. Moreover, since x n satisfies for all n ∈ N equation (), {ẍ n (t)} is relatively compact for a.a. t ∈ [, T]. Thus, according to Lemma ., there exist a subsequence of {ẋ n }, for the sake of simplicity denoted in the same way as the sequence, and
. Therefore, the mapping T is quasi-compact. ad (iii  ) In order to show that T is μ-condensing, where μ is defined by (), we will prove that any bounded subset
Then we can find {q n } n ⊂ , {f n } n satisfying f n (t) ∈ F(t, q n (t),q n (t)) for a.a. t ∈ [, T] and
Since {q n } n ⊂ and is bounded in C  ([, T], E), by means of ( ii ), we get the existence of
and all n ∈ N. This implies
Moreover, by virtue of the semi-homogeneity of the Hausdorff m.n.c., for all (t, s)
γ q n (t), n ∈ N + γ q n (t), n ∈ N . http://www.boundaryvalueproblems.com/content/2013/1/25
According to (), () and (), we so obtain for each t ∈ [, T],
By the similar reasonings, we can obtain that for each t ∈ [, T],
when starting from condition (). Subsequently,
and, in view of () and ( iii ), we have that
Inequality () implies that
Now, we show that both the sequences {x n } and {ẋ n } are equi-continuous. Let˜ ⊂ E be such that q n (t) ∈˜ andq n (t) ∈˜ for all n ∈ N and t ∈ [, T]. Thus, we get that ẍ n (t) = λ n f n (t) ≤ ν˜ (t), where ν˜ ∈ L  ([, T], [, ∞)) comes from ( ii ), and so {ẍ n } n is uniformly integrable. This implies that {ẋ n } n is equi-continuous. Moreover, according to (), we obtain that
for all n ∈ N and t ∈ [, T], implying that {ẋ n } n is bounded; consequently, also {x n } n is equi-continuous. Therefore,
In view of (), we have so obtained that
Hence, also μ( ) = (, ) and since μ is regular, we have that is relatively compact. Therefore, condition (iii) in Proposition . holds.
ad (iv) For all q ∈ Q, the problem P(q, ) has only the trivial solution. Since  ∈ K , condition (iv) in Proposition . is satisfied.
ad (v) Let q * ∈ Q be a solution of the b.v.p. P(q * , λ) for some λ ∈ (, ), i.e., a fixed point of the solution mapping T. In view of conditions (), () (see Proposition .), K is, for all λ ∈ (, ), a bound set for the problem
This implies that q * / ∈ ∂Q, which ensures condition (v) in Proposition .. 
Illustrative example
Example . Let E = H be a Hilbert space and let us consider the Dirichlet b.v.p.
where Moreover, suppose that (iii) there exist R >  and ε >  such that, for all x ∈ H with R -ε < x ≤ R, t ∈ (, T), y ∈ H, λ ∈ (, ) and w ∈ λ(F  (t, x, y) + F  (t, x, y)), we have y, y + x, w > .
Then the Dirichlet problem () admits, according to Theorem ., a solution x(·) such that x(t) ≤ R for all t ∈ [, T].
Indeed. The properties of F  guarantee that F  satisfies the inequality (cf., e.g., holds with a suitable constant C  ≥ F  (t, x, y) , and the following estimate holds:
Because of the Dirichlet boundary conditions x() = x(T) =  for H = R, there exists a zero point t  ∈ [, T] ofẋ(·), i.e.,ẋ(t  ) = , by which the same estimates can be also obtained without an explicit usage of the Green function above. Otherwise, it is not so easy to obtain such estimates, because Rolle's theorem fails in general.
For obtaining the estimation of the solution derivativeẋ(·) in a Hilbert space H, one can also apply, under natural assumptions, the p-Nagumo condition derived in [] .
